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Axiom (Basic Counting Principle) 

Suppose we perform two experiments, one after the other.  If the first experiment 
has  outcomes and the second experiment has  outcomes, then there are 

 outcomes for the two-step experiment. 
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Definition (Permutation) 

An ordering of n distinct objects  is called a nxxx ,...,, 21 permutation of 
. nxxx ,...,, 21

 
Definition (Factorial) 

We define  1!0 =
n  factorial  for )1)(2)...(1(! −== nnn ,...3,2,1=n  

 
Proposition 
 There are  permutations of  distinct objects !n n
 
Proposition 

Suppose that a sequence  of  items has  identical items of type 1,  
identical items of type 2, …, and  identical items of type   Then, the number 

of orderings of  is 

S n 1n 2n

kn .k

S
!!...!

!

21 knnn
n . 

 
Definition ( k -combination) 

Let  be  distinct elements.  A nxxx ,...,, 21 n k-combination of  is a k-
element subset of the set . 

nxxx ,...,, 21

},...,,{ 21 nxxx

Further, there are 
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 k-combinations of n distinct elements. 

 
Definition (Binomial Coefficient) 
 For nk ≤ , we define the binomial coefficient as follows: 
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Identities 

   )(a ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
kn

n
k
n

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
1
11

k
n

k
n

k
n

 
 

   )(b

 
Theorem (The Binomial Theorem) 
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Theorem (Trinomial Theorem) 
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Definition (Sample Space) 
 The sample space is the set of all possible outcomes.  Denoted S. 
 
Definition (Event) 
 An event is a subset of the sample space. 
 
Definition (Probability Function) 

A probability function is a function  with the following 
properties: 

]1,0[}{: →eventsP

)(a  For all events , SE ⊂ 1)(0 ≤≤ EP  
)(b   1)( =SP
)(c  For all mutually exclusive  SEE ⊂,..., 21 )/0..( jiEEei ji ≠∀=I , we 
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Proposition 

Let S  be a finite sample space, and suppose that all outcomes are equally likely.  

Then, for all , SE ⊂ .)(
S
E

EP =  

 
Proposition 
 If   ,SFE ⊂⊂ )()( FPEP ≤
 
 



Proposition 
For all events , we have that  where  is the 
complement of  

SE ⊂ )(1)( EPEP C −= ESE C \=
.E

 
Proposition 
 For all events SFE ⊂,  )()()()( EFPFPEPFEP −+=U  
 
Proposition (General Inclusion-Exclusion Formula) 
 For any events , SEEE n ⊂,...,, 21
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Definition (Conditional Probability) 

If , then we define , the 0)( >BP )|( BAP conditional probability of A given B by 
the following: 
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Proposition (Multiplication Rule) 

Let  be events such that .  Then, 
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Proposition 
 Let  be events such that SBA ⊂, .1)(0 << BP   Then,  

)()|()()|()( cc BPBAPBPBAPAP +=  
 
Proposition (Generalization of Previous) 
 Let  be events such that SBBBA n ⊂,...,,, 21

   )(a 1)(0 << BP
0=ji BB I  /  for all )(b ji ≠  
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Definition (Partition) 
 Let  be events such that  SBBB n ⊂,...,, 21

   )(a 1)(0 << BP
0=ji BB I  /  for all )(b ji ≠  
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 }  is called a ,...,{ 1 nBB partition of  .S
 
Proposition (Bayes’ Formula) 

Let  and  be a partition of  with 0)( >AP nBB ,...,1 S 1)(0 << iBP  for all .  
Then, 
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Definition (Independent) 
 Events  are called SBA ⊂, independent if )()()( BPAPABP = . 
 
Proposition 

Let  be events such that .  Then,  and SBA ⊂, 0)( >BP A B  are independent if 
and only if . )()|( APBAP =

 
Proposition 
 If A  and B  are independent events, then  and A cB  are independent. 
 
Definition (Pairwise Independent) 
 Events  are said to be nAAA ,...,, 21 pairwise independent if  )( ji AAP
  for all )()( ji APAP= .ji  ≠
 
Definition (Independent) 
 Events  are said to be nAAA ,...,, 21 independent if  )...(

21 kiii AAAP
  for all )()...()(

21 kiii APAPAP= niii k ≤<<<≤ ...211 , .2 nk ≤≤  
 
Definition (Discrete Random Variable) 
 A discrete random variable is a function ∆→SX :  where ∆  is a countable set. 
 
Definition (Probability Mass Function) 

The probability mass function of X  is defined as follows:  .  
 for 

]1,0[: →∆p
}))(|({)( xxXSsPxp =∈= ∆∈x .  We abbreviate )()( xXPxp == . 

 



Definition (Cumulative Distribution Function) 
The cumulative distribution function of a real-valued discrete random variable X  
is the function  defined by ]1,0[: →RF }))(|({)()( xsXSsPxXPxF ≤∈=≤=  

 
Fact 
 Let X  have distribution .  Then F
  )(a )(1)(1)( xFxXPxXP −=≤−=>  for all .R∈x  

)(b  ) =( yXxP ≤< )()( xFyF −  for all xy >  
 
Definition (Expected Value) 

The expectation (expected value) of a random variable X  is defined by 
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Proposition 
 Let X  be a discrete random variable with probability mass function p . 
 For any function , RR →:g ∑

∈

=
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pDx

xpxgXgE  

 This is true whenever the sum makes sense. 
 
Definition (Variance) 
 If X  is a random variable with a finite mean µ , we define the variance of X  by: 
 . ]

)

)[()( 2µ−= XEXVar
 
Proposition 
  ( )22 ][][)( XEXEXVar −=
 
Proposition 
 For all R∈   ba, , var()var( 2 XabaX =+
 
Definition (Standard Deviation) 
 The standard deviation of a random variable X  is defined by )()( XVarXSD =  
 
Definition (Bernoulli Random Variable) 

A random variable is called a Bernoulli random variable if its probability mass 
function is given by:  and pp =)1(  for some 10 ≤≤ p . pp −= 1)0(

 
Definition (Binomial Random Variable) 

A random variable with the following probability mass function is called a 
Binomial random variable with parameters and n p : 
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Proposition 
 If , then ),(~ pnBinomialX npXE =)(  and )1()( pnpXVar −=  
 
Definition (Poisson Random Variable) 

A Poisson random variable approximates a  random variable with 
 very large and mean 

),( pnBinomial
n np=λ , 0>λ  

 
Proposition 

 Let ),(~ nnBinomialX n λ .  Then, for all , 0≥k
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Fact 
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Definition (Poisson(λ )-distributed) 

Let 0>λ .  A random variable with the probability mass function given by 

!
)(

k
ekp

kλλ−=  is called )(λPoisson -distributed. 

 
Proposition 
 If )(~ λPoissonX , then [ ] ( ) λ== XXE var . 
 
Fact 
 ,  defines a probability mass function ppkp k 1)1()( −−= 1≥k
 
Definition (Geometric(p)-distributed) 

Let .  A random variable with the probability mass function 
 is called 

( 1,0∈p )
( ) ppkp k−= 1)( )( pgeometric -distributed with parameter p. 

 
Proposition 
 If , then )(~ pgeometricX [ ]
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Definition (Continuous Random Variable) 

We say  is a R→SX : continuous random variable if there exists a function 
),0[: ∞→Rf  with the following properties: 



)(a   for all 0)( ≥xf R∈x . 

)(b   1)( =∫
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Definition (Density Function) 
 The function f  defined above is called the density function of  .X
 
Fact 
 Let X  be a continuous random variable.  Then, 0)( == aXP  for all  .R∈a
 
Definition (Uniform( βα , )-Distributed) 

A random variable is uniformly distributed on the interval ),( βα  if its density 

function is given by 
⎪⎩

⎪
⎨
⎧

−=
0

1
)( αβxf       

otherwise

x ),( βα∈
 

 
Proposition 

Let X  be a continuous random variable.  Its cumulative distribution function  
has the following properties: 

F

)(a   is increasing F
)(b  , 0)(lim =
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)(c  )  where  is the density of  ()(' xfxF = f .X
 
Definition (Expectation) 

We defined the expectation of a continuous random variable X  with density  
by: 

f

   whenever this integral makes sense. [ ] ∫
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Proposition 

Let X  be a continuous random variable with density function , and let 

.  Then  whenever the integral makes 

sense. 
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Lemma 
 For a non-negative random variable Y ,  [ ] .)(

0∫
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>= dyyYPYE

 
 



Corollary 
 For all R∈  ba, , [ ] [ ]XaEbbaXE +=+  
 
 
Definition (Exponential (λ )-Distributed) 

Let 0>λ .  A random variable is said to be an exponential ( )λ  distribution if it 
has the following density function: 
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Proposition 
 Let X ~ exponential )(λ .  Then, [ ]

λ
1

=XE , 2

1)(
λ

=XVar . 

 
Proposition (Memoryless Property) 
 Let X  be exponential )(λ -distributed.  Then, for all , 0, >ts
  )()|( sXPtXtsXP >=>+>  
 
Theorem 

Let X  be a continuous random variable with density .  Let Xf g  be a continuous, 
strictly monotone function.  Then the random variable )(XgY =  has the 
following density: 
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Definition 

We say that X  is normally distributed with parameters µ  and  if the density 
is given by the following: 

2σ
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Fact 
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Theorem (de Moivre and Laplace) 

Let  be independent random variables with ,..., 21 XX pXP i == )1(  and 
  Let pXP i −== 1)0( . nn XXS ++= ...1 .  Then, 
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Proposition 
 Let .  Then, ),(~ 2σµNX [ ] µ=XE , ( ) .var 2σ=X  
 
Definition (Moment-Generating Function) 

Let X  be a random variable.  The moment-generating function of X  is defined 
by 
 [ ]tXeEtM =)(  for R∈t . 

 
Theorem 
 Suppose  is finite on some open interval containing the origin.  Then, )(tM
   )(a [ ] )0('MXE =
 )  For all , (b 1≥k [ ] )0()(kk MXE =  
 
Definition (Joint Cumulative Distribution Function) 

The joint-cumulative distribution function of random variables X  and Y  is 
defined by : [ ]1,0: →×RRF
 ( )bYaXPbaF ≤≤= ,),(  

 
Definition (Joint Probability Mass Function) 

If X  and Y  are discrete random variables, then we define their joint probability 
mass function by: 

( )yYxXPyxp === ,),(  
 
Definition (Marginal Distribution) 
 Given , the ),( yxp marginal distributions of X  and Y  are given by: 
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Definition (Jointly Continuous) 
 We say that X  and Y  are jointly continuous if there is a function: 

 such that ( ) ∫ ∫=∈∈
A B

dydxyxfBYAXP ),(,  ),0[: ∞→×RRf

 for all intervals  R⊂BA, .
 
Definition (Joint Probability Density Function) 



The function  defined above is called the f joint probability density function of 
X  and  .Y

 
Fact 

If X  and Y  are jointly continuous, then both X  and Y  are continuous random 
variables. 

 
Definition (Independent) 

Two random variables X  and Y  are called independent if for all intervals 
 R⊂BA, ,

 )()(),( BYPAXPBYAXP ∈∈=∈∈  
 
Proposition 

)(a  Discrete random variables X  and Y  are independent if and only if 
 for all )()(),( ypxpyxp YX= yx, . 

)(b  Random variables X  and Y  with a joint density function  are 
independent if and only if 

),( yxf
)()(), yfxfyx YX(f =  for all yx, . 

 
Proposition 

Let X  and Y  be two independent, continuous random variables with densities 
, .  Then, Xf Yf YX +  is a continuous random variable with density function: 
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Proposition 

Let  and  be normally distributed with parameters 1X 2X ( )2
11 ,σµ  and ( )2

22 ,σµ  
respectively.  If X  and Y  are independent, then ( )2

2
2

121 ,~ σσµµ +++ NYX . 
 
Proposition 

If X  and Y  are independent and Poisson-distributed with parameters λ  and µ  
respectively, then ( )µλ ++ PoissonYX ~ . 
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