
Trigonometric Identities 
 
Euler’s Formula 
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absolutely convergent sums 
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 .  Q.E.D.    Taylor expansion of  yiy sincos +=
         and  ycos ysin
 
Identities (Addition under sin and cos) 

( ) yxyxyx sincoscossinsin +=+  
( ) yxyxyx sinsincoscoscos −=+  

Proof 
 )( yxiiyix eee += ⇒( )( ) ( ) ( yxiyxyiyxix + )++=++ sincossincossincos  
 ⇒ ( ) ( yxiyxyxyxixyiyx ++ )+=−++ sincossinsincossincossincoscos  
 ⇒( ) ( ) ( ) ( yxiyxxyyxiyxyx ++ )+=++− sincoscossincossinsinsincoscos  
 By matching up the coefficients, we have: 

( ) xyyxyx cossincossinsin +=+  
( ) yxyxyx sinsincoscoscos −=+ .  Q.E.D. 

 
Identities (Subtraction under sin and cos) 
  ( ) yxyxyx sincoscossinsin −=−
  ( ) yxyxyx sinsincoscoscos +=−
Proof 
 )( yxiiyix eee −− = ⇒( )( ) ( ) ( yxiyxyiyxix − )+−=−+ sincossincossincos  
 ⇒ ( ) ( yxiyxyxyxixyiyx −+ )−=++− sincossinsincossincossincoscos  
 ⇒( ) ( ) ( ) ( yxiyxxyyxiyxyx −+ )−=−++ sincoscossincossinsinsincoscos  
 By matching up the coefficients, we have: 
  ( ) xyyxyx cossincossinsin −=−
 .  Q.E.D. ( ) yxyxyx sinsincoscoscos +=−
 
Identities (Double Angle Formulae) 



  xxx cossin22sin =
  xxx 22 sincos2cos −=
Proof 
 Using the addition identities above, (with yx = ), we have: 
 xxxxxxx cossin2sincoscossin2sin =+=  
 .  Q.E.D. xxxxxxx 22 sincossinsincoscos2cos −=−=
 
Identity (Sum of squares) 
  1

1
)

cossin 22 =+ xx
Proof 
  0 ==− eee ixix

 ⇒( )( 1sincossincos =−+ xixxix  
 ⇒ 1sinsincossincossincoscos =++− xxxxixxixx  
 ⇒ .  Q.E.D. 1sincos 22 =+ xx
 
Identities (Pythagorean Identities) 
  xx 22 sin1tan =+
  xx 22 csccot1 =+
Proof 
 We know that .   1cossin 22 =+ xx

Dividing both sides by , we have: x2cos
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=+ ⇒ xx 22 sec1tan =+  

 If we instead divide both sides by , we have: x2sin
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=+ ⇒ xx 22 csccot1 =+ .  Q.E.D. 

 
Identities (Half-Angle formulae) 
 

2
2cos1sin 2 xx −

=  
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2cos1cos2 xx +
=  

Proof 
Recall that  and .  Solving the second 
identity for  and substituting it into the first identity, we have: 

xxx 22 sincos2cos −= 1cossin 22 =+ xx
x2cos

  xxxx 222 sin21sinsin12cos −=−−= ⇒ xx 2cos1sin2 2 −=

⇒
2

2cos1sin 2 xx −
=  

If we instead solve the second identity for  and substitute it into the first 
identity, we have: 

x2sin

1cos2cos1cos2cos 222 −=+−= xxxx ⇒  12coscos2 2 += xx



⇒
2

2cos1cos2 xx +
= .  Q.E.D. 

 
Identities (Product Identities) 
 ( ) (( )yxyxyx +−−= coscos

2
1sinsin )  

 ( ) (( )yxyxyx ++−= coscos
2
1coscos )  

 ( ) (( )yxyxyx −++= sinsin
2
1cossin )  

 ( ) (( )yxyxyx −−+= sinsin
2
1sincos )  

Proof 
 Recall the identities ( ) yxyxyx sinsincoscoscos +=−  and 
 .  If we subtract the second from the first: ( ) yxyxyx sinsincoscoscos −=+
 ( ) ( ) yxyxyxyxyx sinsin2sinsinsinsincoscos =+=+−−  

 ⇒ ( ) (( )yxyxyx +−−= coscos
2
1sinsin )  

 If we add the two identities instead, we have: 
 ( ) ( ) yxyxyxyxyx coscos2coscoscoscoscoscos =+=++−  

 ⇒ ( ) (( )yxyxyx ++−= coscos
2
1coscos )  

  
Recall the identities ( ) yxyxyx sincoscossinsin +=+  and 

.  If we add the two identities, we have: ( ) yxyxyx sincoscossinsin −=−
 ( ) ( ) yxyxyxyxyx cossin2cossincossinsinsin =+=−++  

 ⇒ ( ) (( )yxyxyx −−+= sinsin
2
1cossin )  

 If instead, we subtract the second identity from the first, we have: 
 ( ) ( ) yxyxyxyxyx sincos2sincossincossinsin =+=−−+  

 ⇒ ( ) (( )yxyxyx −−+= sinsin
2
1sincos ) .  Q.E.D. 
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