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Identities (Addition under sin and cos)

Proof

sin(x + y)=sin xcos y + cos xsin y
cos(x + y) = cos xcos y —sin xsin y

e"e" = '™ = (cosx +isinx)cos y +isiny)=cos(x + y)+isin(x+y)
=>COSXCOS Yy +isin ycos X +isin xcos y —sin xsin y = cos(x + y)+isin(x + y)
= (cos xcos y —sin xsin y)+i(sin xcos y +sin y cos x) = cos(x + y)+isin(x + y)
By matching up the coefficients, we have:

sin(x + y)=sin xcos y +sin y cos x

cos(x+y)=cosxcosy—sinxsiny. Q.E.D.

Identities (Subtraction under sin and cos)

Proof

sin(x — y) =sin xcos y — cos xsin y
cos(x — y) = cosxcos y +sin xsin y

e"e™ =e'¥ = (cosx +isin x)cos y —isin y)=cos(x — y)+isin(x - y)
=>COSXCOS Y —iSiN Yy COS X +isin XCos y +sin xsin y = cos(x — y)+isin(x - y)
= (cos xcos y +sin xsin y)+i(sin xcos y —sin y cos x) = cos(x — y)+isin(x - y)
By matching up the coefficients, we have:

sin(x — y) = sin xcos y —sin y cos

cos(x—y)=cosxcosy +sinxsiny. Q.E.D.

Identities (Double Angle Formulae)



sin 2x = 2sin X cos X
C0S2X = c0s? X —sin? x
Proof
Using the addition identities above, (with x =y ), we have:
Sin 2X = sin X COS X + COS XSiN X = 2SiN X COS X
C0OS 2X = COS X COS X — Sin xsin X = cos® x —sin® x. Q.E.D.

Identity (Sum of squares)
sin® x+cos®x =1
Proof
ee™ =’ =1
= (cosx +isin x)(cosx —isinx)=1
= COS X COS X —iSiN XCOS X + iSin XCcos X +sin xsinx =1
=cos’ x+sin’x=1. Q.E.D.

Identities (Pythagorean Identities)
tan® x +1=sin’ x
1+ cot? x = csc? X
Proof
We know that sin® x +cos® x =1.
Dividing both sides by cos® x, we have:
sinx  cos” x 1
2o 2, 2
COS“ X COS“X COS” X
If we instead divide both sides by sin® x , we have:
sinx  cos’® x 1
- 2 + - 2 = - 2
sin®x sin“x  sin®x

—=tan? x+1=sec’ x

—=1+cot’ x=csc? x. Q.E.D.

Identities (Half-Angle formulae)
2, 1-C0s2X

sin” X =
2
2 1+ cos2x
COS“ X = —

Proof
Recall that cos2x = cos® x —sin® x and sin® x + cos® x =1. Solving the second
identity for cos® x and substituting it into the first identity, we have:
cos2x =1-sin? x—sin? x=1-2sin? x=2sin? x =1-cos 2x
1-cos2x
2

If we instead solve the second identity for sin® x and substitute it into the first
identity, we have:

c0s2X = €0S® X —1+cos? x =2¢c0s% x —1=>2¢c0s° X = cos2X +1

=sin’ x =



=08’ X = %. Q.E.D.

Identities (Product Identities)

sinxsiny = %(cos(x —y)—cos(x+Y))
COSXCOS Y = %(cos(x —y)+cos(x+y))
sinxcosy = %(sin(x+ y)+sin(x—y))

cosxsiny = %(sin(x+ y)-sin(x—y))

Proof
Recall the identities cos(x - y) =C0SXCosy+sinxsiny and

cos(x + y) =CosXxcosy—sinxsiny. If we subtract the second from the first:
cos(x — y)—cos(x + y) = sin xsin y +sin xsin y = 2sin xsin y

—sinxsiny = %(cos(x —y)—cos(x+Y))

If we add the two identities instead, we have:
cos(x — y)+ cos(X + y) = COS XCOS Y + COS X COS Y = 2COS X COS Y

— COSXCOS Y = %(COS(X —y)+cos(x +Y))

Recall the identities sin(x + y)=sinxcosy +cos xsin y and
sin(x - y) =sinxcosy —cosxsiny. If we add the two identities, we have:
sin(x + y)+sin(x — y) = sin xcos y +sin xcos y = 2sin xcos y

=sinXCcosy = %(sin(x + y)—Sin(X - y))

If instead, we subtract the second identity from the first, we have:
sin(x + y)—sin(x — y) = cos xsin y + cos xsin y = 2cos xsin y

=cosxsiny = %(sin(x+ y)-sin(x-y)). Q.E.D.
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